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B.Sc.	Course	Structure	Template	
	

	
	

	
	

	
	
	
	
	
	
	
	

FIRST	YEAR	SEMESTER-I 
Code Course	Title Course	Type HPW Credits 

BS101 Communica;on	 AECC-1 2 2 
BS102 English CC-1A 5 5 
BS103 Second	Language CC	–2A 5 5 
BS104 Op;onal	-	I DSC-1A 4	T	+	2P	=	6 4+1=5 
BS105 Op;onal	-	II DSC-2A 4	T	+	2P	=	6 4+1=5 
BS106 Op;onal	–	III DSC-3A 4	T	+	2P	=	6 4+1=5 
	 	 	 30 27 
SEMESTER-II 
BS201 Environmental	Studies AECC-2 2 2 
BS202 English CC-1B 5 5 
BS203 Second	Language CC	–2B 5 5 
BS204 Op;onal	-	I DSC-1B 4	T	+	2P	=	6 4+1=5 
BS205 Op;onal	-	II DSC-2B 4	T	+	2P	=	6 4+1=5 
BS206 Op;onal	–	III DSC-3B 4	T	+	2P	=	6 4+1=5 
	 	 	 30 27 

B.
Sc
.	P

RO
GR

AM
M
E	

SECOND	YEAR	SEMESTER-III 
BS301 A/B SEC-1 2 2 
BS302 English CC-1C 5 5 
BS303 Second	Language CC-2C 5 5 
BS304 Op;onal	-	I DSC-1C 4	T	+	2P	=	6 4+1=5 
BS305 Op;onal	-	II DSC-2C 4	T	+	2P	=	6 4+1=5 
BS306 Op;onal	–	III DSC-3C 4	T	+	2P	=	6 4+1=5 
	 	 	 30 27 
SEMESTER-IV 
BS401 C/D SEC-2 2 2 
BS402 English CC	-1D 5 5 
BS403 Second	Language CC-2D 5 5 
BS404 Op;onal	-	I DSC-1D 4	T	+	2P	=	6 4+1=5 
BS405 Op;onal	-	II DSC-2D 4	T	+	2P	=	6 4+1=5 
BS406 Op;onal	–	III DSC-3D 4	T	+	2P	=	6 4+1=5 
	 	 	 30 27 

B.
Sc
.	P

RO
GR

AM
M
E	

Differential  Calculus

Differential  Equations

Real Analysis

Algebra

Logic& Sets/Theory of Equations

Transportation & Game Theory/ Number Theory
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B.Sc.	Course	Structure	Template	
	
	
	

	
	

	

THIRD	YEAR	SEMESTER-V 
Code Course	Title Course	Type HPW Credits 

BS501 E/F SEC-3 2 2 
BS502 	 GE-1 2	T 2 
BS503 Op;onal	-	I	 DSC-1E 3	T	+	2P	=	5 3+1=4 
BS504 Op;onal	–II DSC-2E 3	T	+	2P	=	5 3+1=4 
BS505 Op;onal	–III DSC-3E 3	T	+	2P	=	5 3+1=4 
BS506 Op;onal	–I	A/B/C DSE-	1E 3	T	+	2P	=	5 3+1=4 
BS507 Op;onal	–	II	A/B/C DSE-2E 3	T	+	2P	=	5 3+1=4 
BS508 Op;onal	–	III		A/B/C DSE-3E 3	T	+	2P	=	5 3+1=4 
	 	 	 34 28 
SEMESTER-VI 
BS601 G/H SEC-4 2 2 
BS602 	 GE-2 2	T 2 
BS603 Op;onal	-	I	 DSC-1F 3	T	+	2P	=	5 3+1=4 
BS604 Op;onal	–II DSC-2F 3	T	+	2P	=	5 3+1=4 
BS605 Op;onal	–III DSC-3F 3	T	+	2P	=	5 3+1=4 
BS606 Op;onal	–I	A/B/C DSE-	1F 3	T	+	2P	=	5 3+1=4 
BS607 Op;onal	–	II	A/B/C DSE-2F 3	T	+	2P	=	5 3+1=4 
BS608 Op;onal	–	III		A/B/C DSE-3F 3	T	+	2P	=	5 3+1=4 
	 	 	 34 28 
	 TOTAL	Credits 	 	 164 

B.
Sc
.	P

RO
GR

AM
M
E	

SUMMARY OF CREDITS	

Sl.	
No. 

Course	
Category 

No.	of		
Courses 

Credits	Per	
Course 

Credits 

1 AECC 2 2 4 
2 SEC 4 2 8 
3 CC											

Language	
DSC	
DSC 

8	
12	
6 

5	
5	
4 

40	
60	
24 

4 DSE 6 4 24 
5 GE 2 2 4 
	 TOTAL 40 	 164 
	 Op;onals	Total 24 	 108 

B.
Sc
.	P

RO
GR

AM
M
E	

Probability and Statistics/Mathematical Modelling

Lattice Theory

Linear Algebra

Slid Geometry/Integral Calculus

Complex Analysis/Vector Calcullus

Boolean Algebra/Graph Theory

Numerical Analysis

Elements of Number Theory
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DSC-1A                      DIFFERENTIAL CALCULUS                        BS:104 
 

 Theory: 4 credits and Practicals: 1 credits  
Theory: 4 hours /week and Practicals: 2 hours /week 

 
 

Objective: The course is aimed at exposing the students to some basic notions in 

differential calculus . 

 

Outcome: By the time students completes the course they realize wide ranging 

applications of the subject. 

 
Unit- I 
  
Successive differentiation- Expansions of Functions-  Mean value theorems 
 
Unit – II 
 
Indeterminate forms – Curvature and Evolutes  
 
Unit – III 
 
Partial differentiation – Homogeneous functions- Total derivative 
 
Unit – IV 
 
Maxima and Minima of functions of two variables – Lagrange’s Method of 
multipliers –Asymptotes- Envelopes 
 
Text : Shanti Narayan and Mittal,  Differential Calculus   
                                                     
 
References:  William Anthony Granville, Percey F Smith and William Raymond Longley; 
Elements of the differential and integral calculus 
 
 
Joseph Edwards , Differential calculus for beginners  
 
Smith and Minton, Calculus    
 
Elis Pine, How to Enjoy Calculus 
 
Hari Kishan ,Differential Calculus       
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Differential	Calculus	
Practicals	Question	Bank	

UNIT-I	

	

	

	

	

	

	

	

	
	

	
UNIT-II	

	

	

	

SUCCESSIVE DIFFERENTIATION 125

. . (1
-

x*) y*=(2 sin-1 x)*=4y.

Differentiating again, we get

2(l-x2
) ^2-2x^=4^. ...(3)

Dividing by 2yl9
we get

(l-*2)>>2-*yi-2=0 ...(4)

which is (1).

Differentiating this n times by Leibnitz's theorem, we obtain

(1-^+2+^+1 (-2x)+n(

~^y(-2)-xyni.l -nyn . 1=0.

or l-*
Putting x=0, we obtain

JWOHa^CO). ,.,(6)

From (2), >>i(0)^0.
From (4), y,(0) = 2. (7)

Putting H=l, 3, 5, 7 successively in (6), we see that

Again, putting w=2, 4, 6 ......in (6), we see that

In general, if n is even, we obtain

>>n(0) = 2.22 '4 ? .62 .. (~-2)2
,
when w

Note. The result (5), obtained on dividing (4) by 2yt , is not a legitimate-
conclusion when ^t=0, which is the case when x=0. Thus, it is not valid to
derive any conclusion from (5) and (6) for x=0.

But these results may be obtained by proceeding to the limit as x->0 in-

stead of putting x=0. This may be shown as follows :

We can easily convince ourselves that the derivative of every order ofy
as calculated from (2) will contain some power of (1 x2

) in its denominator
and will therefore be always continuous except for x= 1

, so that lim ^t
and lim ^==^(0), as x-0.

Exercises

1. If u~ tan~x
x, prove that

and hence determine the values of the derivatives of u when x=0 (M.T, )

2. If

j>=sin (m sin"1
x), show that

(1 -x')*,+,=(2n f IkVn-n+V-'"')*,
and find yn (0). (P.U. /P5>

3. Find yn (0) when j>=*log [x+ 4(\ { x')].
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EXERCISES 127

9. Find the value of nth derivative of

jx*^x
U2

-4)
a

for x0. ( Trinity College

10. Prove that if ;t=cot 0, (0<0 <n), then
dnfi

^=(-l)
n-1(-l) ! sin nO sin*0 ;

where n is any positive integer.

11. If

Prove that

IifIn-i+(-l) !

and hence show that

(D.U. Hons. 1949)

Rewriting this relation as

Jn_ In-i , JL
/j ! ~(/i-i) r n

and replacing by , 1, ____ , 3, 2, we get the required result.

12. If y=
d -

n U2
-l)n , show that

(x*-l)yn+t+2xyn+l -n(n+ l)^n 0.

Hence show that .y satisfies the Legendre's equation

13. If Un denotes the nth derivative of (Lx-t-M)l(x*2Bx+C)., prove
that

Wn+t+ ?(-*r*Ji

14. If y=x*ex
, then

z, P./., D.(/., 7955)

15. If

prove that

(D.I/. //ow5., and Pass, 1949 ;

P.U. 1958 Sept.)
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GENERAL THEOREMS

3. Show that

*/(!+*) < log (1+x) < xfor x > 0.

We write

1

Thus /'(x) > for x > and =0 for x=0.

Hence f(x) is monotonically increasing in the interval [0, QO ].

Also /(0) = 0,

/(*) > /(O) =0 for x > 0.

Hence /(x) is positive for every positive value of x, so that

log (1+*) > x/(l+x) for x > 0.

Again, we write /

BO that F'(jc)==l

Thus, F(x) > for x > 2 and is for #=0.

Therefore F(x) is monotonically increasing in the interval

[0, oo], AlsoF(0)=0.
F(x) > F(0)=0forz > 0.

Hence F(x) is positive for positive values of x, so that

x > log (1+Jt) for x > 0.

Exercises

1. Show that

(i) x/sin x increases steadily from x=0 to x=n/2. (P*U.%

(ii) x/tan x decreases monotonically from x=0 to jc=n/2.

(//i) the equation tan x x=6 has one and only one root in ( Jw, Jn).
(.{/. 7952)

O'v) tan- *>-2 ^ < tan-" 1 x <

2. Show that x~sin x is an increasing function throughout any interval
of values of x. Determine for what values of ay axsin x is a steadily increas-

ing function. (M.J7.)

3. Determine the intervals in which the function

(x4 + 6jcH 17xa + 32x+ 32)*-*
is increasing or decreasing.

4. Separate the intervals in which the function

(*+*+!)/(*--* + l)

is increasing or decreasing.

5. Determine the intervals in which the function (4-x8
)
8 is increasing:

or decreasing. Also draw its graph.
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6. Find the greatest and least values of the function

x8-9x2 -f24xin[0, 6].

7. Show that x-1 log (i -f x) decreases as x increases from to o .

$. Show that if x > 0,

(/) ,-*-< lo, (!+)< - *.
(//) x- + < log d+x) < x- l\

*
- (B.U. 1953)

9. Show that

x < -log(l-x) < x (1 -x)-1 for < x < 1.

10. Prove that e~x lies between
1-xand 1-x + Jx2

.

11. Show that sin x lies between
x9

,
x5

12. If < x < 1, show that

Hence taking *
=2/1 + 1'

W > rdcduce that

5. 7957)

13. Show that
tan^c x ifo<x< ..
x sm jc

14. Show that
x-1 > logx> (jc-l)x-1

,

and jc~l > 2xlogx > 4 (x-l)-2 log*
for x > 1. (M.T.)

15. If/(x) is derivable in the interval [a-h, a+h], prove that

where < ^ < 1 ;

(a+h)-2f(a)+f(a-h
where < fl t < 1.

* 16 The derivative of a function /(x) is positive for every value of x in an
interval [c-A, c], and negative for every value of x in [c, c+h] ; show that /(c)

b the greatest value of the function in the interval [c-h, c+h].

6-6. Higher mean value theorem or Taylor's development of

function in a finite form. // a function f(x) possesses the derivatives

f'(x)>f"(x)'f'"(x)> ..... /"(*)> UP to a certain or^er n f r every value *

x in the interval, [a, a+h], then there exists at least one number 0,

between and 7, such that

EXPANSIONS 187

2. Prove that

e a* sin bx=bx+abx*+-
3 b

3
-~- *+....

3. Obtain the wth term in the expansion of tan" 1 x in ascending powers
of*. (P.U.1951)

4. Show that cos2 x=*l-x2

+$x*-^\x ......

5. Prove that ex sin2 *=*2
-f *3

-f Jx
4 ____

6. If >>=log [x+ >!(!+ x
2
)], prove that

Differentiate this n times and deduce the expansion of y in ascending
powers of x in the form

1 x3 1 3 x5
1 3 5 x7

,

yss*~ T* 3
+ T-' 4

'

~5~~ ~2~' 4
'

6
'

7
'+ ' ' ' '

(P.C/. 7P57)

7. If >>=sin log (;c
2
-}-2x-M), prove that

Hence or otherwipe expand .v in ascending powers of x as far as

8. Prove that

.
,

9. Show that

2) , ,

m2(m2
8)

10. Obtain the following expressions :

(/) log tan (i"fx)=Zx+*x3
-f -JxH ----

(l + sin

4 ,

1 x2
I x4

,1+ T~
* 2T~ 30"

' 47
... . tan A: ^c

2 7 .
,

(iv) log ^ =-^
' +

"90"
xM"" '

, . X __. X 1 A'
2

1 X*
(v) e.^!- 1

2"+fi
'

2!
-

30
""

4"!
+ *"-

i ,1 ^8
l 3 x5

.

(v/) sm-^^xl y '

3 --f-2^- 4 "5
-+

(vi7) log sec *=2>
2+

12 ^+45 x%+"- (D.V.1953}
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3. Find the radius of curvature at the origin of the curve

It is easy to see that X-axis is the tangent at the origin.
[Refer note 15*45, p. 294]

Dividing by yy we get

Let x - so that lim (x2jy) = 2p.
x->0

0.2p+5.2p-8=0,
or p=4/5.

Exercises

1. Find the radius of curvature at any point on the curves :

(/) y c cosh (xlc) (Catenary).

(//) x-=a (cos t-l-t sin /), y^a(sin t t cos t).

(W)x% -Kyf =--fll . (Astroid) (D.U. 1953)

(iv) x^(a cos t)lt, y^=(a sin t)it.

2. Find the radius of curvature at the origin for

(//) x*y-xy*-\ -2x2y
(ill) 2x*'\-ly*-\-4x

2y+xy-y2
-\-2x--0. (P.U. Supp. 1939)

3. Show that the radius of curvature of any point of the astroid
x=a cos8 0, y-^a sin3

is equal to three times the length of the perpendicular from the origin to the
tangent. (Andhra 1951)

4. Show that for the curve
), >>=flsin (H cos 0),

the radius of curvature is, a, at the point for which the value of the parameter
is TT/4.

5. Show that the radius of the curvature at any point of the curve
. . t . t . , tx=tc smh cosh , y^~-2c cosh -

.

c c c

is, 2c cosh2
(tic) sinh (//c), where t is the parameter.

6. Show that the radius of curvature at a point of the curve
fi fix^ae *
(sin 9 cos 0), y=a? *

(sin 0-fcos 0)

is twice the distance of the tangent at the point from the oiigio.

7. Prove that the radius of curvature at the point
( 2a, 2a) on the curve jc

f
ly=flUi+yi

) is "~2a

8. Show that the radius of curvature of the Lemniscate

at the point where the tangent is parallel to x-axis is
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(ill) 2x*'\-ly*-\-4x

2y+xy-y2
-\-2x--0. (P.U. Supp. 1939)

3. Show that the radius of curvature of any point of the astroid
x=a cos8 0, y-^a sin3

is equal to three times the length of the perpendicular from the origin to the
tangent. (Andhra 1951)

4. Show that for the curve
), >>=flsin (H cos 0),

the radius of curvature is, a, at the point for which the value of the parameter
is TT/4.

5. Show that the radius of the curvature at any point of the curve
. . t . t . , tx=tc smh cosh , y^~-2c cosh -

.

c c c

is, 2c cosh2
(tic) sinh (//c), where t is the parameter.

6. Show that the radius of curvature at a point of the curve
fi fix^ae *
(sin 9 cos 0), y=a? *

(sin 0-fcos 0)

is twice the distance of the tangent at the point from the oiigio.

7. Prove that the radius of curvature at the point
( 2a, 2a) on the curve jc

f
ly=flUi+yi

) is "~2a

8. Show that the radius of curvature of the Lemniscate

at the point where the tangent is parallel to x-axis is
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3. Find the radius of curvature at the origin of the curve

It is easy to see that X-axis is the tangent at the origin.
[Refer note 15*45, p. 294]

Dividing by yy we get

Let x - so that lim (x2jy) = 2p.
x->0

0.2p+5.2p-8=0,
or p=4/5.
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9. Find the circle of curvature at the origin for the curve

x+y=ax*+by*+c**. (Delhi Hons. 1951)

10. Show that the circle of curvature at the origin of the parabola

is

mx ). (D.U. 1955)

11. (a) Show that the circle of curvature, at the point (am2, 2am) of the
parabola y*=4ax9 has for its equation

x*+y*-6am2x-4ax+4am*y=3a*m*. (D.U. Hons. 1957)

(b) Find the equation of the circle of curvature at the point (0, b) of

the ellipse
*
2 + ^= 1 (P.U. Hons. 1959)

12. Show that the radii of curvature of the curve

x==ae^ (sin cos^),^=a^ (sin 0+cos 0),

and its evolute at corresponding points are equal.
13. Find the radius of curvature at any point P of y=c cosh (x]c) and

show that PC=PG where C is the centre of curvature at P and G the point of
intersection of the normal at P with x-axis. (Allahabad)

14. Show that the chord of curvature through the pole of the equiangular

spiral r=aem is 2r.

15. Show that the chord of curvature through the pole of the equiangular

spiral r=ae
^

is bisected at the pole.

16. If cx and cv be the chords of curvature parallel to the axes at any

point of the curve y=ae
x

l
a

, prove that

- {P'U' 1948)

17. If Cx and cv be the chords of curvature parallel to the axes at any
point of the catenary y=c cosh (xlci, prove that

18. Show that the chord of curvature through the pole of the cardioide

is Jr. r=0(l cos 0).

19. Lf cr and c * be the chords of curvature of the cardioide r=o(l 4-cos 0)

through the pole and perpendicular to the radius vector, then

20. Show that the chord of curvature through the pole of the curve
rm_fl

m C08 mQt

is

2r/(ro4-l). (Gujrat 1952)
21. Show that the chord of curvature through the pole for the curve

is

2/(r)//'(r). (Lucknow)

22. Show that for the curve p~aebr , the chord of curvature through the

pole is ofconstant length.

23. For the lemniscate r2=fl2 cos 20, show that the length of the tangent
from the origin to the circle of curvature at any point is r^3/ 3. (B.U.)
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Ex. Find the length of the arc of the evolute of the parabola

which is intercepted between the parabola.

The evolute is

27a^=4(x-2a)8
. (Ex. 1, p. 30)

Let L, M be the points of intersection of the evolute LAM
and the parabola.

To find the co-ordinates of the points
of intersection L, M, we solve the two
equations simultaneously.

We get
07/7 A /ry -- A.("Y ---- ft/r\*^^ *i I C* ^IM^V -*1 *\^^ AC*y y

X *

Now, 8a, fl, a are the roots of
this cubic equation of which x=Sa is the

Fie 121
*

only admissible value ; a being negative.

/. (84','4\/2a), (8a, 4^20) are the co-ordinates of L, M.

If(Xt Y) be the centre of curvature for any point (x, y) on the

parabola,/we have

X^3x+2a, Y=y3
I4:a*. (Ex. 1, p. 306)

/

/Thus A(2a, 0) is the centre of curvature for O(0, 0) and

L(8<t, 4\/2a) is the centre of curvature for P(2a, f

The radius of curvature at/?= 0.4=20.

The radius of curvature at P=PL=(
/; arc

Hence the required length Af4L=4a(3v'3 1).

Ex. 2. Show that the whole length of the evolute of the ellipse

Ex. 3. Show that the whole length of the evolute of the astroid

x~
it 120.
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The function is of the form (0/0) for all values of a and 6.

,. x(l+acosx) -frsinxhm ->-i------
-3'

x -> x

,. l+a cos x ax sin x b cos x=
. 3x2 : '

x -> JX

The denominator being for x=0, the fraction will tend to a
finite limit if and only if the numerator is also zero for x=0. This
requires

Again supposing this relation satisfied, we have

l+a cos xax sin x b cos x
3x26X

.. 2# sin xax cos x+& sin x= hm ------ -

,.
-

x-*a bx

. 30 cos x+tf* sin x+fe cos x

A *}/

As given, A =1, i.e., 6 3a= 6.

From (1) and (2), we have

Ex. 3. Determine the limits of the following

C X , lv x..v

.... f . fsm x x cos x cosh A: cos A:

-

( V)
_ (x->0). (vi) ,- M -,,-v -.7

log cos x v ;
Jog(14-6x)

(D.C/. //b/i5. 7952)
Ex. 4. Evaluate the following :

Jim
*"

. ^^Af .(D.U.1952) (//) lim

(D. U. Hons. 1951, P.U. 1957)

i
" '

\ 1'
0*1* .* *v ^v / r\ T

(D.U. 1955)
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Ex. 5. If the limit of

sin 2x+a sin x

X9

as x tends to zero, be finite, find the value of a and the limit. (P.U.)

8*3. Preliminary transformation. Sometimes a preliminary
transformation involving the use of known results on limits, such as

.. sin x .. tan x .hm =1, lim =1
x -> * x-> x

simplifies the process a good deal. These limits may also be used to
shorten the process at an intermediate stage.

i? * IT- j |. 1+sin x cos x+log (1x)Ex. 1. Find hm 5
J

, (x ~> 0).x tan2x v '

The inconvenience of continuously differentiating the denomi-
nator, which involves tan2x as a factor, may be partially avoided as
follows. We write

1 + sin x cos x+log (1 x)
x tan^x

1 + sin xcos x+log (1 x) / x \ 2

~~
x3

"

\tan x/

,. 1 + sin x cos x+log (1 x)
101

x tan2x

1-j-sin xcos x+log (1 x)
x3A x-*

1+sin xcos x+log (1 x)
- - ~ ~ - - ~

. L

x >0

1 + sin x cos x+log(l x)lim -3
jc^O x

To evaluate the limit on the B.H.S., we notice that the numera-
tor and denominator both become for x=0.

.. l+sin x cos x + log (I x)hm 3x

1
cosx fsui-v-

-cos x^sin x-
T------_

DIFFERENTIAL

The reader may see that writing

xlogx=
*

(I/log x)
which is of the form (0/0) and employing the corresponding result of
8-2 would not be of any avail.

'

haye
Note- we know that 1 lx does nottend to a limit as x -* 0. In fact we

lim =00,
*-(0+0) *

*-(0-0)

* *
Ag ~

in ' log x is defined for positive values of x only so that there is no
question of making x -> through negative values while determining

lim (xlogx).
x->0

Thus, here x <+ really means x -> (0+ 0) so that 1 /* does tend to a limit.

Ex. 2. Determine the limits of the following functions :

(/) x log tan x, (x -* 0). (//) x tan (w/2-x). (x -* 0).

(///) (a~-x) tan (nxfta), (x -> 0).

8-6. The Indeterminate for oo <*> . 7b determine

lim [f(x)-F(x)l
x -> a

when

lim /(x)=<x>
X->fl

We write

so that the numerator and denominator both tend to as x tends to
a. The limit may now be determined with the help of 8*2.

In this case, we say that [/(x) F(x)] assumes the indetermi-
nate form oo oo for x=a.

Note. In order to evaluate the limit of a function which assume! the
form, oo -oo

, it is necessary to express the same as a function which assumeg
the form 0/0 or oo/oo.

Ex. 1. Determine

We write

_1___1 tog (X- !)-(*-
x-2 log (x-1) (x-2) log (x-1)

'

and see that the new form is of the type 0/0 when x -* 2.

*. _ __L__1 r iog(y~i)-(y~2
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(v)

(vii) , (x-->0). (D.C7. 7949)

(viii) x* *
, (x ->1). (P.C/. 7957)

Exercises

Determine the limits of the following functions :

e_e- x log AC
1- o . > (x ->0). 2. &-

, (A: -> <>.^2 sin A:
v ^3 ' v '

- 1+^cos A:~cosh x log(l-f x)3.

tan ( -=-

( >-

7. (2jc tan x n sec x), (A: -> n/2).

j_
8. (cot *)

log x
, u -> o). 9.

a*

10.

13. (cos ax) , (x -> 0).

14.

15.

16. (2-O ^ 2a
', (*->). (B.V.1953)

\w Ct S

17. ( sin2 ^ sec2

_ _

20. (sec x)
cot x

, (x -> n/2). 21. (2-x)tan
ff^

, (x^- 1).
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Exercises

1. Find the first order partial derivatives of

(/) tanrl(x+y). (//) e ax sin by.

(Hi) logU2
-j->>

2
).

2. Find the second order partial derivatives of

/ X V / . . r^

3. Verify that

a
2
//

a*a>
when u is

(/) sin- 1 - /;;x Xy
y

(Hi) log (y sin x+x sin y

4. Find the value of

1

a2

when

5. Verify Euler's theorem for

liii) z^sin- 1 x- + taxri- y-
. (iv) z=jc log ~.

y x *

(v) 2=
rj7l'

6. If u=f(yjx), show that

*!"_ +J 8_ =0. (D.[/. 7950 ; P.U. 1954)

1. If z=xyf(x/y) t show that

dz . dZ - i p rj \
x~~^ -j-^-r. =2z. ^.L/./

8. If z=-tan (y+ax)+(y-ax)'* , find the value of

J!^ ^J!?. . (P.U. 1945)

>. If r=tapr 1 (y/x), verify that

1-^-4-1^ -0, (AC/.)

EXERCISES 205
r
10. If z(x+y)=x2 y2

, show that

*L V = 4 ( 1 - az- - 9Z- \ (AlhLatcd)
3y J \* dx dy J

11. lfz=3xy-ya
-\-(y

t -2x) 1i
, verify that

11 Tr i
. A , ,12. If w=log -^, prove that ^ ^- + 7 =1.

13. (fl ) If w-sin-1 ^2

, show that A:
3w 4 y ^ =tan w. (P.t/. 1954)x -f >>

' * 9x^9^
(A) If w-sia- 1 ^^"^ show that

^x+->!y

m (P.U. 7955).= m

/ 3A:
^^ 9y

14. If z=f(x -I ay)-\-<f>(x ay), prove that

a
a*2 '

15. ltz = (x-{-y) + (x+y)<9(ylx), prove that

/92z _9 2z\ ^^^V9^2 9y9^y * \9y2

16. If w=/(cix2
-f 2/7^+^2

), v-^(^2 -f-2/?xy-h^2
), prove that

V, .Jr.V f -f \ (M.r.)
9^ V 9^ x 9* V 9^ x

17. If 9=tn e~ r2/4/
, find the value of n which will make

i .dY^ao^^ao (M. r<)
r2 9r V 8r / 9^

18. If -=/(r) where r= VU2
-f j/

2
), prove that

&+C;-^m
19. If =log UHy-hz2

), prove that

f a2
_ = 92w

3>az 9zax dxdy'

20. If K=rm where r2=x2-Fy2 + z2
, show that

21 . If w= tan-1 - y-
, find

[Refer Ex. 3, p. 201]
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8. If/(jc, y)=Q, <p(y, z)=0, show that

?/
.

9?,. 4L= ?/.. 1*
. (/>./.)>

9. If JH(l-yH^(l-*8
)=fl, show that

y?=- - a
-

. (P.U. 1935\dX2
,j _^3 -J

10. If u and v are functions of x and >> defined by
xu+ e~ z' sin w, yv-\-e~v cos w,

prove that

d^ = dv
(P.U. 1936)

dy dx
11. If ,4, B, C are the angles of a triangle such that

sin2
/1 + sin2 B] sin2 C=constant,

prove that

dA^ tan C-lan B p ,

12. Ifax2
-} 2hxy + by* -\-2gx-\-2fytc-Q, prove that

"dx*
......

I //*-!-

13. Show that at the point of the surface

where x=yz,
ff~z

"" 1r "I"= X log tfX .

L J

14. Find dy/dx2 in the following cases :

(/) x*+y*=laxy. (P.U.) (//) x4
-i y*=

(Hi) Jc6 +^5 =5fl8
Jc.y. (iv) jc5 -! y5 =

15. IfAX, >^)=0 and/.T ^0, prove that

dx = _ /y d2x ^_S^fv}*-2fa
dy fx ' dy2

. (/
16. Given that

/(x, >>)=.xM y3 3ax>>:=0, show that

_
dx2 '

dy2

17. If is a homogeneous function of the nth degree in (x, y> z) and if

where X, Y, Z are the first differential co-efficients of, w, with respect to x, y, r
respectively, prove that

. 1950)
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_
dx2 '

dy2

17. If is a homogeneous function of the nth degree in (x, y> z) and if

where X, Y, Z are the first differential co-efficients of, w, with respect to x, y, r
respectively, prove that
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8. If/(jc, y)=Q, <p(y, z)=0, show that

?/
.

9?,. 4L= ?/.. 1*
. (/>./.)>

9. If JH(l-yH^(l-*8
)=fl, show that

y?=- - a
-

. (P.U. 1935\dX2
,j _^3 -J

10. If u and v are functions of x and >> defined by
xu+ e~ z' sin w, yv-\-e~v cos w,

prove that

d^ = dv
(P.U. 1936)
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Subtracting, we get

du ~"av ^a
---.

9* 9>>

3. JfHf^yz, zx, xy) ; prove that,

^c ^ z

Let

u=y z, vzx, w=xy,
so that

H=f(u, v, w).

We have expressed H as a composite function of x, >>, 2.

'
'

9*

Similarly

__
'

'dy
'

9 M' 3"

Adding, we get the result.

4. H is a homogeneous function of x, y, z of ordern ; prove
th(it v

[This is Euler's theorem for a homogeneous function of three
independent variables.] We have

H=xnf f
, |j=x/\w, v) where yjx-u, z

(

'x=v.
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The geometrical considerations, now show that these two
stationary values of r2

, are the squares of the semi-axes of the section,
in question.

2. If u

where

x y z
'

show that the stationary value ofu, is given by

We write

g(x, y, z)=flx'+&V+c'2a+>
( I + y

f
I
-1

)-

Equating to zero the partial derivatives of g(x, y, z) w r, to

x, y and z, we obtain

, y- - =0, 2A 2
=0.

These give

or ax=by~cz. .,, (/)

The equation (/) along with the given subsidiary condition
=1, determine x, y and z.

Exercises

1. Find the minimum value of ,v
a
-h^

2 fz2 when

(w)

(MI) xyz=a*.

2. Find the extreme value of xy when

3. Find the greatest value of axby when
x*+xy+y*^3k*. (D.U. Hons. 1953)

4. Find the perpendicular distance of the point (a> b, c) from the plane

b^the Lagrange's method of undetermined multipliers.

5. Which point of the sphere 2x*=l is at the maximum distance from
tbepohU{2, 1,3)?

6. Find the lengths of the axes of the conic

ax*+2hxy+byz~l.

7. In a plane triangle, find the maximum value of
ens A COS B COS C.

8.
' Find the? extttme Va lues of

232 DIFFERENTIAL CALCULUS

The geometrical considerations, now show that these two
stationary values of r2

, are the squares of the semi-axes of the section,
in question.

2. If u

where

x y z
'

show that the stationary value ofu, is given by

We write

g(x, y, z)=flx'+&V+c'2a+>
( I + y

f
I
-1

)-

Equating to zero the partial derivatives of g(x, y, z) w r, to

x, y and z, we obtain

, y- - =0, 2A 2
=0.

These give

or ax=by~cz. .,, (/)

The equation (/) along with the given subsidiary condition
=1, determine x, y and z.

Exercises

1. Find the minimum value of ,v
a
-h^

2 fz2 when

(w)

(MI) xyz=a*.

2. Find the extreme value of xy when

3. Find the greatest value of axby when
x*+xy+y*^3k*. (D.U. Hons. 1953)

4. Find the perpendicular distance of the point (a> b, c) from the plane

b^the Lagrange's method of undetermined multipliers.

5. Which point of the sphere 2x*=l is at the maximum distance from
tbepohU{2, 1,3)?

6. Find the lengths of the axes of the conic

ax*+2hxy+byz~l.

7. In a plane triangle, find the maximum value of
ens A COS B COS C.

8.
' Find the? extttme Va lues of

232 DIFFERENTIAL CALCULUS

The geometrical considerations, now show that these two
stationary values of r2

, are the squares of the semi-axes of the section,
in question.

2. If u

where

x y z
'

show that the stationary value ofu, is given by

We write

g(x, y, z)=flx'+&V+c'2a+>
( I + y

f
I
-1

)-

Equating to zero the partial derivatives of g(x, y, z) w r, to

x, y and z, we obtain

, y- - =0, 2A 2
=0.

These give

or ax=by~cz. .,, (/)

The equation (/) along with the given subsidiary condition
=1, determine x, y and z.

Exercises

1. Find the minimum value of ,v
a
-h^

2 fz2 when

(w)

(MI) xyz=a*.

2. Find the extreme value of xy when

3. Find the greatest value of axby when
x*+xy+y*^3k*. (D.U. Hons. 1953)

4. Find the perpendicular distance of the point (a> b, c) from the plane

b^the Lagrange's method of undetermined multipliers.

5. Which point of the sphere 2x*=l is at the maximum distance from
tbepohU{2, 1,3)?

6. Find the lengths of the axes of the conic

ax*+2hxy+byz~l.

7. In a plane triangle, find the maximum value of
ens A COS B COS C.

8.
' Find the? extttme Va lues of

374 DIUFBBBNTIAL CALCULUS

Examples

I. Find the envelope of the family ofsemi-cubicalparabola*
/ *Y

Differentiating (/) w.r. to a, we

- -.
155

of the family.

2. Find the envelope of the family

.

Eliminating a between (i) and
(//), we get

y=o,
which is the required envelope.

We already know that y=0 iff

the locus of singular points i.e., cusps,
Of i and also it touches each member

where a is a constant and m is a parameter.
Differentiating w.r. to m we get

Eliminating m, we get

which is the envelope.
Thus the envelope consists of two

ines

x0 and x=a.
If we trace the given curves

x+a
Fig. 156

we will find that j-axis (x=0) is the locus of its singular points and
x=a is tangent to each curve.

3. Considering the evolute of a curve as the envelope of its

normals, find the evolute of the ellipse x2
/a

2 +y2/6-=l.
The equation of the normal at any point (a cos 0, b sin 0) on

the ellipse is

ax ^Jby^^tf^ip //v
cos "~~sin 0~~

Thus, (i) is the equation of the family of normals, where is

the parameter.
Differentiating (/) partially w.r. to 0, we have

ax sin by GOB __ ,..v

cos2 <T + sin2 "* l)
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To obtain the envelope, we have to eliminate 6 between (i) and
(//). From (ii), we get

tan-van v = --- .

()*

Substituting these values in (/), we get

[(<*x)% +(by)$] [(**)* +(*)>)*]* =**-&*,

or

or
which is the required evolute.

4. Find the envelope of thefamily of ellipses

/z^ two parameter a, 6, flre connected by the relation

a+b=c ;

c, fomg tz constant. (B.U. 1954)*
We will eliminate one parameter and express the equation of

given family in terms of the other. We have
&= c a,

so that

ia the equation of the family involving on parameter a.

Differentiating (i) partially n\r. to ay we have

ca~0 or - - =

which gives

- ----^ /(

Substituting these values in (/), we get

or

or
which is the required envelope

OALOTTIJJ8

f'W> $) ,:$w4';&? ewehpt offhe family of lines"

,(0,
the parameters a and b ore connected by the relation

Here, if, as in the example abo^e, we eliminate one parameter,
the process of determining the envelope will become rather tedious.
This tedio^sn^ss may be avoided in the following manner.

We pohsider, b, As a 'functibq. of, a, as determined fr6m (//).

Differentiating (/) and (11) w.r. to the parameter, a, we get

b _ ^
.

'

, da N '

From (Hi) and (iv), we eliminate db\da and get
.x y

The equation of the envelope will, now, be obtained by elimi-

nating a and b from (/), (11) and (v). Now (v) gives

x'/a y\b xfa+y/b 1-^ --- r =--L- [From (/) and (//)]n n L v y v /J

=:xcw or a=

^n or ^^
Substituting these values in (//), we get

or

xn/(n+l)
as the required envelope.

6. Show that the envelope of a circle whose centre lies on the

parabola y*=4ax and which passes through its vertex is the cissoid

y*(2a+x)+x*=0. (B.U. 7953)

Now, (a/
2

, 2at) is any point on the parabola. Its distance from
the vertex (0, 0) is

Thus, the equation of the given family of circles is

(x at*)+(y-2at)*=^a
2t*+4a*t2

,

or
x*+y*2at*x-4:aty=Q. ...(vi)

Differentiating (i), w.r. to t, we get
4a/x 4oy=0, or /= y\x.

Substituting this value of t in (/), we get the required envelope.
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7. Find the envelope of straight lines drawn at risht angles, to the
radii vectors of the Cordioide.

through their extremities.
Let P be any point on the curve. If a be its vectorial angle,

then its radius vector OP=^a(l +cos a).
The equation of the line drawn through P at right angles to the

radius vector OP is
r cos (6 a)=tf(l +cos a). ..(I)-

The angle a is different for different straight lines.

Differentiating (1) w.r. to a, we get .
,

rsin (0 a)^ sin a. ..(2)
To eliminate (a) from (1) and (2), we re-write them as

(r cos Qa) cos a-\-r sin 6 sin a=a. . .(3)
r sin 9 cos a (r COR a) sin a =0, ..(4)

Now, (4) gives
tan cL = r sin 0/(r cos Qa).

__ r sin __ r cos 0a
' C S a~ 2 ' cos 0'
Substituting these values in (3), we obtain

(r cos 0-tf)2 +r2 sin2 0_
y(r2 +aa 2ar cos 0)

"~~ '

or
r2^02_oar cos 0a2

, i.^., r=2a cos
which is the required envelope.

Exercises
1. Find the envelope of the following families of lines :

(i) y^wx+^cFm2 ^ 62
), the parameter being m ;

(//) x cos3
Q-\-y sin3 0=a, the parameter being o ;

(iii) x sin y cos G~flO. the parameter being o ',

(/v) xcosn Oi->>sinn 0^=0, the parameter being 6 ;

(v) y=mx + amp
, the parameter being m ;

(v/) xcosec o ^cot o~c.
2. Find the envelope of the family of straight lines xla+ylb=-\ where

4, 6 are connected b> the relation
(/) a+6=c. (//) a2+62-c2

. (m) a^-c1
,

c is a constant.
3. Find the envelope of the ellipses, having the axes of co-ordinates as

principal axes and the semi-axes a, b connected by tne relation

4. Show that the envelope of the family of the parabolas,

under the condition
(/) a6=c2 is a hyperbola having its asymptotes coinciding with axes.

, (11) a-f 6==c is an astroid.
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It is easy to see that we could have eliminated the step (i), and
simplified the process by saying that the required asymptote is

IBv 4-x =-Kmy+X - lim
i

when x -> oo and yjx -> 1.

2. Find the asymptotes of

-f 5x2 + 15xy flO.y
2-^ f 1 -0.

Equating to zero the co-efficient of the highest power y* of y,
we see that

4xH-10=0, i.e., 2x+5--=0,

is one asymptote.

Factorising the highest degree terms, we get

Here 2y +x is a repeated linear factor of highest degree terms,

i.e., 3rd degree. There will, therefore, be no asymptote parallel to

2y+JC~0 if (2y+x) is not a factor of the 2nd degree terms also.

But this is not the case. In fact, the equation is

x(2y -f-*)
2 +5(x +y)(x +2y) - 2y + 1 - 0.

Therefore, the curve has two asymptotes parallel to

We have now to find lim (y+\x) when x -> x and yjx ->

Let lim (y -f Jx)=--c so that lim (2^+x) 2c.

Dividing by x, the equation becomes

In the limit,

4cM-5.2c(l-i)-2(-i)+0=0> ...(0

or 4c2 +5c + l=-0
r_ t i

- . C 5 ,
1.

Hence y= J^-~J and.y= Jx 1,

are the two more asymptotes.

It is easy to see that we
ified the process by sayi

(2y+xy+5(2y+x). lim (l+y/x)+ lim

It is easy to see that we could have eliminated the step (i) and
simplified the process by saying that the asymptotes are

i.e.,

(ty+x)*+5(2y+x). J +1-0 or 2(2>> fx)
2 +5(2>>+*)+2-0,

which gives
=0 and 4>>-f 2x + l=0.
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p
ax+by+c+lim /~^0,

fn-i

when x -> oo and y/x -> a\b.

To determine the limit (/
r
n-a/'

r
n-i)> w^ divide the numerator as

well as the denominator by xn~l and see that 1/x appears as a factor

so that jPn_ 2/Fn ^1
- > a* x -> x .

Thus

is on asymptote.

Exercises

Find the asymptotes of the following curves :

2. (x--i)(;c-2)(;c-Kx)+*
2 j-x+1 -0.

3. y3 -*M .y2 +X9+y-X +\^Q.
4. x(y

2 ~lby+2b*)^y*-3bx*+b*.

5. ^3
f6.v2^MlA:/--h6^4-3^4-12x^f 1 ly^-ZxfSy f-5-0. (7\l/. >

6. .x
2
(3>'^,v)MM3vfAr)(xHr)-h9^-|-6A7f9y^6x+9-0.

7. (y
2 -HA7^2x2

)
2
-}-(y

2 +^-2x2
)(2>' -jc)-7/

2 -l9xy-23x2 -hx f 2/ | 3-^>.

8. x(y-3)*^.4y(x~\)*.

9. (a-}-x)
2
(/?

2
-}A'

2 )--xV2
.

10. ><
3 -

5A-y
2 -h8^^4jc3 -3/-f 9A7 -6A'2 i2^ 2x f 1 -0.

16 5. Intersection of a curve and its asymptotes.

Any asymptote of a curve ofthe nth degree cuts the curve in (n 2)

points.

Let y =niK-\-c be an asymptote of the curve

To find the points of intersection, we have to solve the two

equations simultaneously.

The abscissae of the points of intersection are the roots of the

equation

xn
<l>n(m +clx) +x ^n-i(m +c/x) +x*-*<f>n - 2(m +cjx) + ...... -0. ...(/)

Expanding each term by Taylor's theorem and arranging
according to descending powers of x, we get
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DSC- 1B                   DIFFERENTIAL EQUATIONS                           BS:204 

 
Theory: 4 Credits and Practicals: 1 credits  

Theory: 4 hours /week and Practicals: 2 hours /week 
 
 

Objective: The main aim of this course is to introduce the students to the techniques 

of solving differential equations and to train to apply their skills in solving some of 

the problems of engineering and science. 

 

Outcomes: After learning the course the students will be equipped with the various 

tools to solve few types differential equations that arise in several branches of science.  

 
Unit – I  
 
Differential Equations of first order and first degree: 

Exact differential equations – Integrating Factors – Change in variables – Total 

Differential Equations – Simultaneous Total Differential Equations – Equations of the 

form dx P = dy Q = dz R  

Differential Equations first order but not of first degree: Equations Solvable for y – 

Equations Solvable for x – Equations that do not contain x ( or y ) – Clairaut’s 

equation 

 

Unit – II 

 

Higher order linear differential equations: Solution of homogeneous linear differential 

equations with constant coefficients – Solution of non-homogeneous differential 

equations P(D)y= Q(x)  with constant coefficients by means of polynomial operators 

when Q(x)=bx!,be!",e!"V, b cos ax , b sin (ax) 
 

Unit – III 

 

Method of undetermined coefficients – Method of variation of parameters – Linear  

differential equations with non constant coefficients – The Cauchy – Euler Equation 
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Unit – IV 

 

Partial Differential equations- Formation and solution- Equations easily integrable – 

Linear equations of first order – Non linear equations of first order – Charpit’s method 

– Non homogeneous linear partial differential equations – Separation of variables 

 

 

Text: Zafar Ahsan, Differential Equations and Their Applications  
 
References: Frank Ayres Jr, Theory and Problems of Differential Equations 
 
Ford, L.R, Differential Equations. 

Daniel Murray, Differential Equations 

S. Balachandra Rao, Differential Equations with Applications and Programs 

Stuart P Hastings, J Bryce McLead; Classical Methods in Ordinary Differential 
Equations 
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Differential Equations 
Practicals Question Bank 

 
Unit-I 
 
Solve the following differential equations: 
 
1. ′y = sin(x + y)+ cos(x + y)  
 
2. xdy − ydx = a(x2 + y2 )dy  
 
3. x2ydx − (x3 + y3)dy = 0  
 
4. (y + z)dx + (x + z)dy + (x + y)dz = 0  
 
5. ysin2xdx − (1+ y2 + cos2 x)dy = 0  
 
6. y + px = p2x4  
 
7. yp2 + (x − y)p − x = 0  
 

8. 
dx
y − zx

= dy
yz + x

= dz
x2 + y2

 

 

9. 
dx

x(y2 − z2 )
= dy
y(z2 − x2 )

= dz
z(x2 − y2 )

 

 
10. Use the transformation x2 = u and y2 = v  to solve the equation 
 
axyp2 + (x2 − ay2 − b)p − xy = 0 . 
 
Unit-II 
 
Solve the following differential equations: 
 
1. D2y + (a + b)Dy + aby = 0  
 
2. D3y − D2y − Dy − 2y = 0  
 
3. D3y + Dy = x2 + 2x  
 
4. ′′y + 3 ′y + 2y = 2(e−2x + x2 )  
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5. y(5) + 2 ′′′y + ′y = 2x + sin x + cos x  
 

6. (D2 +1)(D2 + 4)y = cos x
2
cos 3x

2
 

 
7. (D2 +1)y = cos x + xe2x + ex sin x  
 
8. ′′y + 3 ′y + 2y = 12ex  
 
9. ′′y − y = cos x  
 
10. 4 ′′y − 5 ′y = x2ex  
 
Unit-III 
 
Solve the following differential equations: 
 
1. ′′y + 3 ′y + 2y = xex  
 
2. ′′y + 3 ′y + 2y = sin x  
 
3. ′′y + ′y + y = x2  
 
4. ′′y + 2 ′y + y = x2e− x  
 
5. x2 ′′y − x ′y + y = 2 log x  
 
6. x4 ′′′y + 2x3 ′′y − x2 ′y + xy = 1 
 
7. x2 ′′y − x ′y + 2y = x log x  
 
8. x2 ′′y − x ′y + 2y = x  
 
Use the reduction of order method to solve the following homogeneous equation 
whose one of the solutions is given: 
 

9. ′′y − 2
x

′y + 2
x2
y = 0 , y1 = x  

 
10. (2x2 +1) ′′y − 4x ′y + 4y = 0 , y1 = x  
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Unit-IV 
 
1. Form the partial differential equation , by eliminating the arbitrary constants from 
z = (x2 + a)(y2 + b) . 
 
2. Find the differential equation of the family of all planes whose members  are  all at 
a constant distance r  from the origin. 
 
3. Form the differential equation by eliminating arbitrary function F  from  
 
F(x2 + y2, z − xy) = 0 . 
 
Solve the following differential equations: 
 
4. x2 (y − z)p + y2 (z − x)q = z2 (x − y)  
 
5. x(z2 − y2 )p + y(x2 − z2 )q = z(y2 − x2 )  
 
6. p2 − q2( )z = x − y  

 
7. z = px + qy + p2q2  
 
8. z2 = pqxy  
 
9. z2 (p2 + q2 ) = x2 + y2  
 
10. r + s − 6t = cos(2x + y)  
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